Laboratory testing of railway ballast poses practical difficulties because the particle size is often too large for most standard apparatus. There are therefore advantages in developing a scaled material whose behavior is representative of the full size material. A first stage in validating such an approach is to investigate whether the particle shape is affected by the change in scale. This paper sets out methods for evaluating form and roundness (aspects of shape) and proposes a new measure for evaluating roundness, termed ellipseness. These methods are then applied to a crushed rock railway ballast over a range of particle sizes. Statistical analysis demonstrates a measurable variation in the distributions of form and roundness with particle size over a range of sieve intervals, although the differences are slight and do not necessarily rule out the use of a scaled material for investigating the factors influencing macro mechanical behavior.
Introduction
The application of soil mechanics principles to the mechanical behavior of railway ballast should lead to improved ballast specifications and track substructure designs, and reduced maintenance requirements and whole life cost.
However, a significant difficulty in carrying out experimental investigations into the behavior of railway ballast is the typical particle size (up to 62.5 mm), which is too large for a representative specimen to be accommodated in most standard laboratory soil element testing apparatus. Large scale apparatus has been developed (e.g. [1] , [2] , [3] ), but is expensive to build and run and tests can be challenging and time-consuming.
An alternative approach is to develop and test a scaled material having the same characteristics as railway ballast but a small enough particle size to be tested in standard laboratory apparatus. A potential concern is the preservation of particle properties with scaling; for example, particle shape has been shown to influence the bulk density, stiffness and strength of natural and crushed sands (e.g. [4] ).
Historically, research into scaled particulate materials was in the context of rockfill (e.g. [5] ) but recent research has been driven by the need to understand the behavior of railway ballast (e.g. [6] ). However, despite some notable efforts there have been few systematic attempts to investigate the use of appropriate scaled materials. Such an investigation would require consideration of the shape (form, roundness and roughness), stiffness (contact and material) and strength (fracture toughness and abradability) of particles; how these attributes vary within and over a range of particle sizes; and how any variation affects the macromechanical behavior.
This paper describes an investigation to measure and evaluate how particle shape may change with scale. The same parent rock is used, minimizing the potential for variations in surface roughness does not vary; the focus is therefore on comparing the form and roundness over a range of particle sizes in convenient sieve intervals from full size to reduced scale.
In particular the paper 1. develops appropriate methods for defining and quantifying particle shape, 2. shows that there are measurable and quantifiable, although small, differences in particle shape with size.
The detailed measurements of shape will also facilitate numerical simulation using particles that represent crushed rocks by taking advantage of recent advances that permit particles of arbitrary shape to be used (e.g. [7] ).
Background
Two principal approaches have been proposed to create of an analogous or model material at a smaller scale. They are:
 scalping (e.g. [8] ), i.e. the removal of all particles from the original material that are greater than a certain size;  parallel gradation (e.g. [9] ), i.e. the formation of a laboratory specimen with a particle size distribution smaller than but parallel to that of the original material.
The feasibility of using either method may depend on the material being tested.
For example scalping might be appropriate for a well graded material where relatively few oversize particles need to be removed. However, for a more uniformly sized material such as a railway ballast, scalping might result in the removal of much of the specimen so the parallel gradation technique would be more appropriate.
The validity of the parallel gradation approach relies on the smaller scale particles behaving in the same way as the larger scale particles they are intended to model. [5] , [6] , and [10] investigated this by means of triaxial tests on rockfills over a range of parallel gradations, in triaxial cells of varying size. In general all three studies demonstrated that the volumetric strain varied with scale for tests under the same stress conditions. However it is not clear if these trends resulted from changes in shape or changes in other characteristics related to scale.
[6] also compared particle shapes for the three parallel gradations of Iron Mountain Trap Rock from Missouri in the USA tested on the basis of plan view images. Although only averages of the data on particle shape were reported, they showed that larger particles tended to have greater aspect ratios (maximum to minimum dimensions, or form) and sharper corners (greater angularity, defined as the average radius of the smallest four corners within a particle).
Scale is known to influence the strength of individual particles, with smaller particles being statistically likely to be stronger owing to their lower probability of containing flaws (see e.g. [11] , [12] ). Hence assemblages of smaller particles may appear to be less compressible than assemblages of larger particles, if the stress applied is sufficient to fracture some of the larger particles.
The applied boundary stresses should be the same in corresponding tests on full size and scaled material. If it is assumed that the particle shape remains similar and that Hertzian (elastic) contact theory (see [13] , [14] ) can be applied, then the interparticle contact stresses and hence compressibility of the assembly will remain the same. In practice there may be some differences: Hertzian contact theory assumes that each surface is topographically smooth on both the micro and macro scale, and in reality there is also likely to be some inelastic behavior [15] .
Experimental work to establish the importance of changes in shape on the behavior of soils (without varying scale) is still at a relatively early stage.
Research findings are generally restricted to changes in behavior resulting from large changes in shape characteristics. For example [16] established that the relative proportions of bulky or platy particles (extremes of shape) had a strong influence on the shear strength and deformation characteristics of sands. [4] explored the impact of particle shape on sandy soils by comparing data from published studies; they too considered relatively large changes in shape to identify a number of trends in soil behavior.
Brief review of Particle Shape characterization approaches and chosen measures
In this section the historical development of ideas related to shape and some of the more established methods are briefly discussed. Full details may be found in the references provided.
Overview
It is widely recognized that there are three independent properties of particle shape-form, roundness and surface texture -which have quite different scales as shown in 2D in Figure 1 [17] . These properties are independent because each can vary widely without influencing the others. Accepting these broad definitions, it is then necessary to come up with means of measuring or characterizing each of the three properties. For form and roundness this has usually meant combining measurements into a dimensionless index, but taking measurements is not trivial and it is usually necessary to take measurements from 2D images or 3D data cloud representations of particles rather than the physical objects themselves.
Particle imaging has traditionally been based on 2D projections (e.g. using camera lucida [18] ), but contemporary imaging now uses digital cameras for 2D (e.g. [19] ) and laser scanning or computer tomography (CT) scanning for 3D (e.g. [20, 21, 22, 23] ). However, there are issues with the interpretation of such data both in 2D and 3D, mainly related to the relative particle to pixel or voxel size. Also, while it might be supposed that 3D measures would be superior to 2D ones this largely depends on the reasons for making the measurements. Furthermore laser and CT scanning is not readily available to most researchers or practitioners and CT scanning in particular is costly in terms of both money and time. Also, with CT analysis there are physical limits on the sizes of samples that can be scanned and the resolution achievable. Therefore the methods adopted for this paper are essentially pseudo 3D measures of 2D digital images with the advantage that these methods are readily available to all researchers and practitioners working in this area and are appropriate for the aims of this work.
Some of the better known measures for form and roundness and the measures chosen for use in this research are discussed below. Also, where appropriate, issues with the use of digital images are highlighted. Roughness is not considered as this is reasoned to be similar for all of the particles evaluated owing to their method of manufacture (crushing). Therefore the pixel size used for imaging has been set to a size larger than that needed to capture this smallest scale aspect of shape. One of the earliest attempts at quantifying form was by Zingg [24] , who as long ago as 1935 used the position of a particle on a plot of I/L against S/I to classify it as either flat, columnar, spherical or flat-columnar ( Figure 3 ). I/L and S/I are sometimes termed the flatness and elongation ratios respectively. Another commonly used index is the S/L ratio, termed the degree of equancy [25] . The S/L ratio is the product of the coordinates in the Zingg plot (I/L and S/I). Lines of equal S/L are hyperbolae on the Zingg plot and each may pass through up to three of the classification sectors. Measures that include all three of the parameters S, I
Form: measures
and L have appeared in the literature (e.g. [26] ). However there are ambiguities because two of the parameters (and hence the form) can vary and still yield the same result. In this sense they are generally less effective than the simpler S/L ratio which at least retains some link to a shape type.
Identifying orthogonal axes coincident with S, I and L and measuring these dimensions for large numbers of particles presents practical difficulties. It is possible to measure S, I and L manually using calipers, although this is time consuming and any set of measurements may be subject to user variation. There are now various algorithms that may be implemented using 2D digital images or 3D data clouds. However, there are issues with automated methods and in choosing a method consideration should be given to the types of shape being evaluated and how the algorithm might distort the intended measure (e.g. [27] ).
Pseudo 3D measurements can be generated using orthogonal views and can be just as good as estimates gained from 3D data. For example [23] compared using 3D representations of particles (from CT or laser scanning) to using orthogonal 2D images to determine form and concluded that for 2D and 3D methods ". No one is consistently better than the other ….". A technique that will be adopted for this research was put forward by [28] . This technique relies on allowing the particles to fall onto a flat horizontal surface, on the basis that the particles will tend to come to rest with their shortest dimension (S) upward and their longest and intermediate dimensions visible in plan (I and L). Thus digital plan view images could be used to measure I and L. By assuming that the shape of the particle would correspond approximately to a scalene ellipsoid (i.e., an ellipsoid where the three major axes have different lengths) and measuring the mass (W) of the particle, S can be estimated for single or groups of particles using Equation 1:
where G s is the specific gravity of the particle (for granite typically 2.65) and  w is the density of water (1000 kg/m 3 at 4ºC).
This approach to estimating S from measurements of L, I and W is termed the scalene ellipsoid equivalent sphericity, or SEES. 
Roundness: measures
Roundness is the intermediate scale descriptor of shape, commonly considered the inverse of angularity in that as one increases the other decreases. Unlike form there is no direct physical method of measurement for roundness. Roundness has most usually been quantified using 2D views of particles, but 3D methods have appeared in the literature [29] . Measures can be complex and subjective in application. Probably the most well-known method was put forward by Wadell [18] , in which the radius of identifiable corners in the particle outline are measured and averaged and then divided by the radius of the maximum inscribed circle. In effect this is a measure of average angularity. Another well-known method was put forward by Krumbien [30] , this uses comparison charts to classify particles by eye. A version of this type of chart can be found in [31] where shapes are shown in a 4 by 5 array with progressively increasing roundness [18] across the horizontal scale and aspect ratio (form) on the vertical scale. It is extremely time consuming to carry out either of these procedures manually, and while some progress has been made in automating Wadell's methods (e.g. [32] ) there remain difficulties in defining what constitutes a corner. Furthermore the use of predrawn reference charts is more suited to the classification of different materials rather than examining particles from the same source material (as is the case in this research), where differences in shape with scale may be too small to register.
In this research we have chosen to use a relatively simple method easily adapted to automatic digital image analysis, based on quantifying the ratio of the perimeter (P) of the 2D projection of a particle to the perimeter of a reference shape of the same area (A) i.e. A o =A e but P o ≠P e . The subscripts o and e denote respectively the particle (object) and the reference shape, assumed here to be an ellipse.
In the current research, for consistency with the reference shape adopted in the analysis of form, we use a new measure of roundness that we call "ellipseness" E,
In this calculation E will always be less than 1, meaning that the perimeter of the actual particle is greater than that of an ellipse of the same area. As the calculated value of E approaches 1, the particle becomes more ellipse like. This has some similarity to the commonly used "equivalent disc method", in which the reference shape is a circle of the same area. However, using a circle would imply an I dimension greater than is physically possible. The use of an ellipse having the same major dimension and area provides a better estimate of the smooth shape used to describe the particle. That particles do not all tend to circles when perfectly round was noted by Wadell as long ago as 1932 [18] . Methods of determining E using digital images are discussed in the section on materials and methods. It is recognized that ellipseness is an average measure of roundness (or inverse angularity) as the same numerical value may be achieved in a variety of ways (e.g. two very sharp projections/corners on a notionally elliptical 2D image may result in the same ellipseness as a number of smaller, less pronounced, projections/corners).
Materials and methods

Materials
Full size and reduced scale crushed granite ballast was obtained from Cliffe Hill Quarry, Leicestershire, England which supplies ballast for Network Rail. Most ballast around the world is formed of particles within the range 22.4 mm to 63.5 mm. For this study the lower limit of the particle range is extended to 9.5 mm so that the scaled and full size particles can be grouped over a sequential range of eight sieve intervals as follows: (1) 9.5 mm to 11.2 mm, (2) 11.2 mm to 13.2 mm, only the catching sieve size will be stated. Figure 4 shows example particles from each sieve interval; the images have been resized so that the particle sizes appear to be approximately the same. The Figure   is provided as a visual demonstration that differences in shape with scale appear to be slight and could be subjectively described as not visually appreciably different. For example if the comparison chart provided by [31] were applied the particles could easily be placed in the same classification sector.
Imaging system: methods
Groups of particles were placed on a bench top with a digital camera directly above as shown in Figure 5 . Off the shelf image analysis software was used to segment and measure the images using consistent histogram based thresholding. The software used was Image Pro Plus [33] , but there are many other suitable software packages available and/or bespoke code could be written. Digital measurements are discussed later.
Form: methods
Two different methods of measuring S, I and L to determine form parameters were compared. In the first method, two images of the particle were taken in two The second method involved determining L and I from the initial plan image of each particle, and inferring the value of S using the SEES approach (Equation 1).
Systematic comparison of the results obtained using the two methods showed that in a minority of cases (less than 9% for the scaled material and less than 4% for the full size material), the plan view image gave L and S rather than L and I so that applying SEES gave I rather than S. In these cases the values S, I and L were reassigned accordingly. This problem occurred because while the ballast particles approximate reasonably well to scalene ellipsoids, some particles have S ≈ I and the most stable face is not clearly identifiable.
Roundness: methods
The area and perimeter were measured from the digital images (as described and 
Equation 4 was first presented in 1913 by the mathematician Ramanujan [34] and is an accurate approximation to the perimeter of an ellipse (which can otherwise be calculated using power series). A discussion on approximations to the perimeter of an ellipse can be found in [35] .
Influence of digitization on the measured parameters
In image analysis it is important to define precisely the methods used and evaluate the suitability of the pixel density (i.e. the number of pixels per particle) used.
In this study the camera set up was such that each pixel represented approximately 1/8 mm. This was selected so as to remove the effects of surface roughness from the measured perimeters while still providing sufficient pixel density, in all particles analysed, not to unduly influence the measured diameters, perimeters and areas used for the calculation of form and ellipseness. The pixel density over the size range of ballast particles imaged was approximately 10,000 to 300,000 pixels per particle.
The diameters D max and D min are defined in Figure 6 and the associated text. Area measurement is by summation of pixels and it has been shown that this method usually converges after only several hundreds of pixels (e.g. [27] ). Therefore with 10,000 pixels or more the measured areas can be considered reliable. The method used to measure the perimeter is "eight point connect" (sometimes termed "polygonal"), which for rough objects is known to give digital perimeters that increase with pixel density.
To investigate the influence of the pixel density on the measurements made in this study -and in particular to evaluate whether the measurements of perimeter would have sufficient pixels present to capture particle roundness -smooth irregular objects, (i.e. objects having no measurable surface roughness for the pixel densities applied) including some of similar form and ellipseness to ballast were imaged over the range of pixel densities used (achieved by repositioning the camera). This investigation resulted in the following observations:
 Form is a dimensionless ratio of combinations of L, I and S (D max and D min ). It can therefore be calculated using the number of pixels present and the true scale is irrelevant. This has the advantage that calibration of images to true scale is not needed, and this potential small source of error can be discounted. The investigation confirmed that form was substantially insensitive to the range of pixel density used, (i.e. the aspect ratio thus calculated typically varied by less than 1.0%).
 Ellipseness was calculated using the measurements of L (D max ) area and perimeter. Again ellipseness is a dimensionless ratio that may be calculated using measurements in pixel units rather than true scale.
Calculations demonstrated that ellipseness was also substantially insensitive for the range of pixel densities used (i.e. for ellipseness, as the pixel density reduced over the full range ellipseness typically increased by not more than 0.5%).
Measurements of particle shape, results, analysis and discussion
Form
Values of the ratios S/L, I/L and S/I measured on the basis of two orthogonal views are compared with those estimated from the plan view using the SEES approximation, for particles retained on each sieve size, in Table 1 . Figure 7a shows a Zingg plot for particle form data determined using SEES, while Figure 7b shows data for the same particles determined using two orthogonal views. A comparison of the S/L ratio obtained from each of the methods is shown in Figure 8 . Estimates of S for an individual particle and hence its position on the Zingg plot can vary greatly. However, taken overall these variations average to a much smaller error, approximately a 2% underestimate in S/L by SEES compared with using two orthogonal views for most particle sizes, with bigger errors of -7.7% and -10.2% respectively for the 31.5-40.0 and >40.0 mm particle size ranges. Further measurements were then made using the SEES approach, increasing the total number of particles measured to 875 (Table 2 ). catching sieve are in the "flat and columnar" region. The nearness to the crossover may tend to over emphasize differences that in reality are slight. Table 3 summarizes key statistics from the I/L, S/I data shown in the Zingg plots and also the S/L data for all particles.
Having considered the effect of all three parameters S, I and L in the Zingg plots, the S/L ratio will now be investigated further. Figure 10 plots separately the cumulative distributions of S/L ratio for the particles in each sieve interval. The curves for full size ballast group together on the left. All other distributions form a second band to the right, with the exception of the data for the 9.5 mm catching sieve curve which falls between the two bands.
The distributions shown in Figure 10 may be compared statistically by means of a Kruskal Wallis analysis [36] . This uses the rank of a variable to determine the statistical likelihood that separate data sets have the same median. In Figure 11 , the rank (i.e. the relative position of each individual S/L value within the full data set of 875 particles) is plotted on the x axis. The groups designated by catching sieve size are indicated on the y axis. For each group, a line showing the 95% confidence interval for the median has been drawn. Where there is no overlap between the confidence intervals, there is at least a 95% confidence that the medians of the two groups are different. In Figure 11 , the 95% confidence limits for the 9.5 mm catching sieve group are indicated by vertical lines which helps to illustrate that there are two possible groupings with overlapping 95% confidence intervals denoted by catching sieve groups as: The Kruskal Wallis analysis supports the groupings observed in the cumulative particle size distributions shown in Figure 10 .
As well as comparing the measured data ( Figures 9 and 10 ) it is possible to fit equations to these distributions. Providing mathematical functions that capture the range and relative distribution of shapes within each size allows others to make comparisons with this data. Statistical confidence limits to the distributions can also be determined. However, there is no fundamental reason why any particular function should be used to fit the shape measurements and it is therefore reasonable to use functions of wide versatility (i.e. able to fit a range of distribution types). A Weibull distribution fits this description and has a record of application to particle properties (e.g. particle crushing strength [11] ).
The Weibull cumulative distribution function (CDF) is given by:
The Weibull probability density function (PDF) is given by:
Where a is the scale parameter and b is the shape parameter, both found by obtaining a best fit to the sample data [37] . The Weibull distribution is very similar to the symmetrical normal distribution (PDF) when the shape parameter b is between 3 and 4; as b increases above 4 the curve skews to the right. When b=1 the Weibull distribution reduces to the exponential distribution and when b = 2 to the Rayleigh distribution. The scale parameter a serves to smear the function along a greater or lesser length on the x-axis, reducing or raising the relative peak.
Equation 5 can be used to match the cumulative distribution curves shown in Figure 10 . A least squares fit to the S/L data for each sieve interval, performed using the software Matlab [38], gave the values shown in Table 4 for the parameters a and b. Figure 12 shows the Weibull fits for the cumulative distribution functions for the S/L data from each catching sieve size. Comparison of Figure 12 with Figure 10 shows that the Weibull functions are generally close to the measured data. Figure 13 shows the Weibull fit for the probability density function for the S/L data for each catching sieve size which again shows the differences between the catching sieve groupings. The data shows that there is a weak trend for S/L to reduce for larger particles (as found by [6] ), but there are exceptions. Some of the data are more spread out, indicated by a greater standard deviation (Table 3 ) and or flatter looking probability density function ( Figure 13) such as the data in the catching sieve intervals 11.2 mm, 13.2 mm and 16 mm.
These observations are not necessarily common to the other form indicators (I/L and S/I) which can be seen by comparing the values in Table 3 .
Roundness
For the dataset shown in Table 2 , Image Pro Plus was used to estimate L (D max ), the perimeter P o and the area A o of each particle, from which the ellipseness was calculated using Equations 7, 8 and 9. Basic statistics for the ellipseness data is shown in Table 5 . Figure 14 shows the cumulative distributions of ellipseness for each sieve interval; as with form, the curves cover a range of ellipseness values. Table 6 . Figure 16 shows the CDF calculated using the Weibull functions for ellipesness. Figure 17 shows the Weibull PDFs which are severely skewed by the high shape factor (b).
The ellipseness analysis again demonstrates measurable differences in roundness between particles within each sieve range. The data in general suggests that there is a tendency for larger size particles to be more angular -again, consistent with [6] . However, it is still possible for comparisons between particular sieve intervals to counter this trend. The actual and idealized distributions of particle aspect ratio S/L and ellipseness (angularity) could be used as checks to aid in the creation of numerical specimens for particle level discrete element analysis, for example using the approach proposed by [39] and developed by [7] or other codes capable of generating arbitrary shapes such as [40] .
Conclusions
It has been demonstrated that the SEES approach to determining S, I and L is reasonably consistent with a two-view approach for the ballast investigated and has the advantage of being less time consuming.
A new measure of roundness (termed ellipseness) has been introduced. This relates the perimeter of the particle to the perimeter of an idealized elliptical particle of the same area, and can be determined automatically using appropriate imaging and analysis software.
The data indicate a weak trend in the ballast investigated for larger particles to have a lower S/L and greater angularity, although comparison between any two individual sieve intervals may not follow these trends. However, the ranges of variation in S/L and angularity are relatively small in magnitude, and do not necessarily rule out the use of scaled materials as appropriate substitutes for testing purposes.
Further work is needed to evaluate whether the small changes in shape measured in this research translate into differences in macromechanical behavior that are attributable to shape alone. Such further work might involve the use of particle scale discrete element analysis, in which case the distribution functions presented in this paper could be used as checks to aid in the creation of numerical specimens. 
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